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Predicting Isotherms in Micropores for Different Molecules 
and Temperatures from a Known Isotherm by Improved 
Horvath-Kawazoe Equations 
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Abstract. Our improved Horvath-Kawazoe (H-K) equations (by considering the isotherm nonlinearity) for three 
pore geometries are first summarized. These equations apply to adsorption in microporous materials at subcritical 
temperatures. From a known isotherm at a given temperature, these equations are used to predict isotherms of the 
same adsorbate molecules at other temperatures, and also to predict isotherms for other adsorbate molecules at the 
same (or any subcritical) temperature. A reasonable agreement is obtained between predictions and experimental 
data. Since the H-K formulation only involves dispersion forces, it underpredicts for gas-solid systems in which 
other forces also exist. The N2-zeolite system is one of these systems. 
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Introduction 

Study of equilibrium adsorption in microporous solids, 
such as carbons, zeolites and pillared clays, is of 
both fundamental and practical importance. Monte 
Carlo simulations have been conducted for adsorption 
in zeolites under supercritical conditions (Soto et al., 
1981; Woods and Rowlinson, 1989; Razmus and Hall, 
1991). Nitrogen and/or argon adsorption isotherms at 
subcritical temperatures have been routinely applied 
to studies of the surface and pore structures of sor- 
bents (Gregg and Sing, 1982). Starting from ultrami- 
cropores, adsorption progresses by pore filling as the 
pressure is increased. For mesopores (20-500 A), the 
Kelvin equation, which considers capillary condensa- 
tion, is applicable for calculating the corresponding 
pore sizes. On the other hand, for ultramicropores 
where pore sizes approach a few molecular dimensions, 
the potential energy fields from neighboring surfaces 
overlap and the total interaction energy with the adsor- 
bate molecules is substantially enhanced. Here, Kelvin 
equation is no longer valid. 

A theoretical framework combining the micro- 
scopic and macroscopic formulation was developed 
by Horvath and Kawazoe (1983) (H-K) for calculating 
micropore size distribution of carbon molecular sieve 
from nitrogen isotherm at the liquid nitrogen tempera- 
ture. Although simple, it catches the essential feature 
of progressive pore tilling. The H-K model provides 
a one-to-one correspondence between the pore sizes 

and the relative pressure at which the pore is filled. It 
has since been widely applied for micropore size dis- 
tribution analysis of zeolites (e.g., Venero and Chiou, 
1988; Davis etal., 1989; Beck et al., 1992). 

Extension of the slit-pore H-K model to cylindri- 
cal and spherical pores models has been made (Saito 
and Foley, 1991; Baksh and Yang, 1991; Cheng and 
Yang, 1994) considering the curvature effects of pore 
walls. Recently, Kaminsky etal. (1994) made an as- 
sessment of the mean-field methods approach used in 
H-K model. 

Improvement of the H-K formulation has also been 
made by taking into consideration of the nonlinearity 
of the adsorption isotherm (Cheng and Yang, 1994), re- 
sulting in significant improvements while still preserv- 
ing the simplicity of the calculation. The experimental 
measurements of isotherms on microporous sorbents at 
subcritical temperatures are difficult due to slow diffu- 
sion and very low relative pressures needed (e.g., 10 -7 
tO 10-4). 

The goal of this work is to explore the possibility 
of applying our improved H-K formulations to de- 
rive isotherms at other temperatures and also of other 
molecules at subcritical temperatures. 

Theoretical 

(1) Improved Horvath-Kawazoe Equations 
for Three Pore Geometries 

*Address co~Tespondence to R.T. Yang. 
Details of the derivation are available elsewhere (Cheng 
and Yang, 1994). The following is a brief summary. 
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Adsorption isotherm of argon on Faujasite zeolite at 87 K (Borghard et al., 1991). 

Based on Lennard-Jones potential for the disper- 
sion and repulsion energy for adsorbate-adsorbent and 
adsorbate-adsorbate interactions, Everett and Powl 
(1976) derived the potential energy of interaction for 
slit and cylindrical pores as: 

For slit pores: 

'o 

(=)4 (d )  .0 } 
- Z----7- z + Z--~-7- z 

(1) 

For cylindrical pores: 

= '° V 

(d°X~ 4 ~ [" '  '~2k G 
(2) 

Where constants otk and/Tk are: 

c l/2 P( -4 .5)  (3) 
k = F(-4 .5-  k)r(k + 1) 

ill/2 ~(--1.5) 
k = F ( - 1 . 5 - k ) V ( k +  1) (4) 

Walker (1966) and Soto et al. (1979) showed the fol- 
lowing expression of potential energy for the spherical 
model when considering a zeolite cavity: 

l?l,slp(Z ) = 2N1e~2 

I /~o __1 { 1 
× - t L)  4 ( 9  \ (1 - ~)' 
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where 

,) 
(1 "-~ -~) 4 

1 

(5) 

N1 = 4zr L 2 Na (6) 

Horvath and Kawazoe (1983) related the average 
potential energy to the free energy change upon 
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Effective pore size distribution L-do of Faujasite zeolite calculated from (0) original H-K formulation and (D) improved H-K formu- 

adsorption, and obtained for slit pore size distribution: 

( P )  NaAa'-~-NAAA [ 0 "4 
RT In ~o = NAy o.4( L _ 2do) 3(L - do) 3 

0"10 0"4 0.10 1 

9(L - do) 9 3~o 3 + ~909 J (7) 

Taking into account the curvature effect, Saito and 
Foley (1991) proposed the following for cylindrical 
pore distribution: 

R TIn = Jr Nm d4 

X l - -  
k=0 

21 / d o ~  10 
~O~k ~ Z  ) -- ]~k ( ~ ) 4 ) 1  

(8) 

Considering adsorption inside a zeolite cavity, we de- 
veloped the following spherical pore size distribution 
model (Cheng and Yang, 1994). 

( ~ )  , • 3 RT In = 6(N1e12 + N2ezz)L 
(L -- do) 3 

× - Z- 1-5 rl + gr~ 

1/do'~'2/'1 1 ) ?  

(9) 
where T1-T4 are as follows: 

1 1 
r~-- 

( 1 -  L@..~)3 (1 + L@___~)3 
1 1 

T2-- 
(1 + ~_a)2 (i - ~ ) 2  
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Fig. 3. Adsorption isotherms of argon on AtPO4-11 at 87 K and 77 K. (~)) Experimental data at 87 K. (x) Experimental data at 77 K. ( . . . . .  ) 
Prediction at 77 K. 

1 1 k T  1 
~ =  H =  In ( 1 -  L@__~,)9 (1 + ~ ) 9  fl 1--0  

1 1 
T4 = We, then, arrived at our improved H-K equations 

(1 + b@)s  (1 -- ~ L  218 for slit, cylindrical and spherical pore geometries as 
follows: 

All the above models are based on the Horvath- 
Kawazoe assumption of Henry's Law region adsorp- 
tion: 

kT 
n = - - 0  (10) 

However, the isotherms for adsorption in micropores 
under subcritical conditions (e.g., N2 at 77 K and Ar 
at 87 K) follow the typical Type I behavior (Gregg and 
Sing, 1982). Consequently we replace the equation of 
state for two-dimensional ideal gas with the Langmuir- 
type equation of state: 

(11) 

Slit-Shaped Pore: 

+ RT- ' - -O-  1 - 0  

NaAa + NAAA 
= NA 

ty4(L -- 2do) 

I ~__.4 0.10 o.4 
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(12) 
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Fig. 4. Adsorption isotherms of argon on A1PO4-5 at 87 K and 77 K. (0) Experimental data at 87 K. (x)  Experimental data at 77 K. ( . . . . .  ) 
Prediction at 77 K. 

Cylindrical Pore: 
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Spherical Pore: 
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where TI-T4 are given in the foregoing. 

(14) 

(13) 

(2) Predicting Isotherms by Improved H-K 
Equations 

As have been stated, the H-K formalism renders a one- 
to-one correspondence between the pore size and the 
relative pressure at which the pore is filled. There- 
fore, from the isotherm W/Wo = q(P/Po), the rela- 
tion W/Wo = f(L - d~) (where L - d. is the effec- 
tive pore dimension) can be established, and thus the 
pore size distribution. Now that we have obtained the 
pore size distribution, we can go through a reverse 
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Fig. 5. Adsorption isotherms of argon on VPI-5 at 87 K and 77 K. (0) Experimental data at 87 K. (x) Experimental data at 77 K. (-----) 
prediction at 77 K. 

Table 1. Physical parameters of nitrogen and oxygen. 

Adsorbate 

Parameter Oxygen Nitrogen 

Diameter, d, nm 0.346 (a) 
Polarizability, c~, cm 3 1.57 x 1-24(b) 
Magnetic susceptibility, X, c m3 1.52 x 10 -29(b) 

Density, N, molecule/cm 2 7.76 x 1014(e) 

0.364 (a) 
1.74 x I0 -24(c) 
2.0 x 10 -29(d) 
6.71 x 1014(e) 

(a) Breck (1974). 
(b) Steele (1974). 
(e) Venero and Chiou (1986). 
(a) Horvath and Kawazoe (1983). 
(e) Estimated from Handbook of Chemistry and Physics by 

Weast (1987)o 

procedure to calculate other isotherms provided appro- 
priate physical parameters are known. In this manner 
we can predict isotherms at other subcritical tempera- 
tures as well as for other molecules. 

The adsorbent physical parameter used in this work 

can be found in Cheng and Yang (1994) while the ad- 
sorbate physical parameters are listed in Table 1. 

Results and Discussion 

(1) Comparison of H-K and Improved H-K 
Formulations 

At 87 K, Ar adsorption in faujasite, like in all other 
microporous materials, has a characteristic sigmoidal 
shape as shown in semi-log form in Fig. 1. 

The cumulative pore size distribution of faujasite cal- 
culated from both spherical models of Eqs. (9) and (14) 
are shown in Fig. 2. The broad pore size distribution 
pattern calculated from the original H-K formulation, 
Eq. (9), apparently does not reflect the crystalline na- 
ture of zeolite. One reason is that the original H-K 
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Fig. 6. Adsorption isotherms of Ar at 87 K and Oxygen at 90 K on Y zeolite, (0) Experimental data of Ar at 87 K. (x)  Experimental data of 
02 at 90 K. ( - - . - - )  Prediction of 02 at 90 K. 

formulation assumes the linear isotherm (i.e., Henry's 
Law Region). In our study the nonlinearity of the 
isotherm (i.e., Langmuir Equation) is taken into con- 
sideration, which results in the coverage (0)-dependent 
t e rm:  R T  - -~-In 1--~" A significant difference is 
observed when applying the improved H-K formu- 
lation, Eq. (14). The pore size distribution becomes 
sharper, indicating more uniform pores characteristic 
of zeolitic materials. 

The integral molar enthalpy change of adsorption is 
expressed as: 

AHadS = _qdiff _ R T  + ~ o 

or 
AH~S = _qSt+ T(S  s _ ~s) (16) 

In the original H-K formulation, S s - S'~' is assumed 
to be equal to the gas constant, R, throughout the en- 
tire range of coverage. However, such an assumption 
is valid only for a two-dimensional ideal gas or when 

0 approaches zero. As shown in Fig. 1, the transition 
pressure for microporous adsorption (i.e., the initial 
inflection point) occurs when 0 approaches 0.5. Con- 
sequently, the Henry's Law assumption is no longer 
valid. With the Langmuir equation of state, the depen- 
dence of AH ads on the degree of filling, 0, is taken 
into consideration, which results in a better pore size 
distribution, and the peak pore size of 13.5 A compares 
well with the literature (Uppal, 1988). 

(2) Temperature Dependence of Adsorption 
Isotherm 

Experimental adsorption isotherm of Ar at 87 K on 
the aluminophosphate molecular sieves A1PO4-11, 
AIPO4-5 and VPI-5 taken from Hathaway et al. (1990) 
are shown in Figs. 3--5. Since all of the above micro- 
porous materials consist of one dimensional channels, 
the cylindrical pore model, Eq. (13), is used. The pre- 
dicted isotherm along with the experimental isotherm 
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Fig. Z Adsorption isotherms of N2 at 77 K and oxygen at 90 K on carbon molecular sieve HGS 638. (0) Experimental data at N2 at 77 K. 
( - - . - - )  Prediction of O2 at 90 K. 

taken from the same source as above for Ar at 77 K are 
also presented in these figures. The pore dimensions of 
these three molecular sieves follow the sequence: 

A1 PO4-11(6.3 x 3.9 ~.) < A1 PO4-5(7.3/~) 

< VPI-5(12.1 A) 

As shown in Figs. 3-5, the agreement between the 
predictions and the experimental isotherms diminishes 
as the pore size gets smaller. Two possible factors con- 
tribute to the disagreement. At lower temperatures, dif- 
fusion becomes slower and longer times are needed 
for the experiment to reach equilibrium. The quasi- 
equilibrium conditions used by Hathaway et al. (1990) 
may not have allowed the system to reach equilibrium 
as compared to static-equilibrium conditions, thus re- 
sulting in a shift of isotherm towards a higher pressure. 

Saito and Foley (1991) and Lastoskie et al. (1993) 
have also made the point that the static technique is 
required especially in low pressure ranges where ul- 
tramicropore adsorption takes place, in order to reach 

a near equilibrium state during the uptake. Another 
source of discrepancy is that the H-K formulations are 
based on a continuum approach. This approach breaks 
down when the pores are very small and the number of 
layers of adsorbate becomes very few. 

(3) Oxygen and Nitrogen Isotherms 

Based on Venero and Chiou's data (1988) of Ar 
isotherm on Y zeolite, we calculated the oxygen 
isotherm at 90 K using the spherical pore model, 
Eq. (14). Along with experimental points for the same 
system from Breck (1983), the isotherms are shown in 
Fig. 6. Breck's data at very low pressures were not taken 
at equilibrium and are hence not included. The experi- 
mental adsorption points of 02 adsorption at 90 K are 
in good agreement with the predicted isotherm. 

Horvath and Kawazoe (1983) reported data on N2 
on a carbon molecular sieve (HGS 683) at 77 K. The 
improved slit-pore model, Eq. (12), is used to predict 
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Fig. 8. Adsorption isotherms of N2 at 77 K on Y zeolite. (~)) Experimental data of Ar at 87 K. (x) Experimental data of N2 at 77 K. (-----) 
Prediction of N2 at 77 K based on Ar data. 

02 isotherm at 90 K on the same sorbent, shown along 
with the N2 isotherm in Fig. 7. No experimental data, 
however, for 02 isotherm is available for comparison 
with the prediction. 

The nitrogen isotherm on Y zeolite at 77 K is 
also predicted and shown in Fig. 8, together with 
the experimental result of Venero and Chiou (1988). 
Clearly the model fails to predict the nitrogen isotherm. 
The predicted isotherm appears at a higher relative 
pressure than the experimental data. This can be at- 
tributed to the fact that the H-K model only con- 
siders dispersion repulsion interaction forces while 
electrostatic forces are not included. As a re- 
sult, for weakly quadrupolar and non-polar and non- 
quadrupolar molecules, such as argon and oxygen, the 
prediction is in good agreement with the experimental 
data. Nitrogen has a strong quadrupole moment, which 
causes electrostatic forces. Thus the prediction under- 
estimates the isotherm. The additional electrostatic 
forces for N2 shift the isotherm toward a smaller P/Po  

value for the pore dimension. Further work is needed 
to include the electrostatic forces in the H-K model. 

Nomenclature 

A dispersion constant 
c speed of light 
d diameter of atom 
do arithmetic mean of diameters of adsorbate 

and adsorbent atoms 
H ad~ enthalpy of adsorption 
k Boltzmann constant 
L distance between nuclei of the parallel 

layers for slit-shaped pores, likewise defined 
as the radius (not diameter) for cylindrical 
and spherical pores 

N density per unit area 
NAy Avogadro's number 
P pressure 
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Po 
q~Uff 
qSt 

r 

R 
S ~. 
a S 

T 
W 
wo 
Z 

saturate vapor pressure of adsorbate 
differential heat of adsorption 
isosteric heat of adsorption 
distance between gas molecule and cylinder's 
central axis (cylindrical model) or gas 
molecule and oxygen atom in the spherical 
wall (spherical model) 
gas constant 
molar entropy of adsorbate 
differential molar entropy of adsorbate 
absolute temperature 
amount adsorbed 
saturated amount adsorbed 
distance of adsorbate molecule from a 
surface atom in the slit layer for slit pore 
model or from the cavity center for 
spherical pore model 

Greek Letters 

X 

(Y 

F 
0 

FI 

polarizability 
constant, Eq. (3) 
molecular area (area/adsorbate molecular) 
constant, Eq. (4) 
magnetic susceptibility 
potential energy of interaction 
distance from an atom in the surface layer 
at zero interaction energy 
potential energy of interaction in zeolite cavity 
degree of void filling, or angle in spherical 
coordinate system, 0 < 0 < ~r, in Eq. (10) 
spreading pressure 

Subscripts 

1 adsorbent atom 
2 adsorbate molecule (or atom) 
a adsorbent 
A adsorbate 
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